Abstract. Running performance of bipedal heavy theropod Tyrannosaurus has been controversial in the field of paleontology. In 1980's Tyrannosaurus was considered as fast runner who would run at a speed of 18 m/s~20 m/s. In 2000's series of works have been published that stated disadvantage of fast running of Tyrannosaurus. However, speed estimation of running speed is qualitative because that those are based on the static theory. In 2009 a numerical simulation study was achieved and showed a possibility of 9 m/s running of Tyrannosaurus, however, the parameters range used in the simulation was not fully investigated. In this work we achieved numerical simulation of running motion of Tyrannosaurus based on reliable parameters ranges which are known in preset animals. Our numerical simulation shows a possibility of 13~14 m/s running of Tyrannosaurus. This speed exceeds the fastest human running speed which was marked as 12.4 m/s by Usain Bolt in2009. However, we point out that considering only muscle shortening is insufficient to estimate best performance of animal locomotion. Recently, researches have revealed that tendon works collaboratively with muscle in human jumping. Many researches of experimental biology have reported extremely high power output in animal movement such as tongue projection of toad. The system is considered using the mechanism of elastic storage, not only the one of simple muscle shortening. Then, it is hard to predict accurate maximum running speed of extinct animal such as Tyrannosaurus at present.
Introduction
Early statements on a running speed of Tyrannosaurus was made in 1986 by Bakker, and in 2000 by Paul. Bakker stated 45 mph running of Tyrannosaurus, which corresponds to 20 m/s speed [1] . Paul proposed 40 mph running of Tyrannosaurus, which corresponds to the speed of 18 m/s [2] . Their arguments were based on the morphological consideration of muscle and limb structure. Mathematical calculation was not accomplished at this stage.
Several of fossilized foot prints of bipedal theropod have been found, and analyzed locomotion speed. Qualitative mathematical model proposed by Alexander was applied for estimating running speed from fossilized remains. For wild animals running motion is unusual one, then only two evidences showing running motion have been known. Farlow reported that 6.59 m stride length trackway of theropod was observed in the formation of lower cretaceous at Texas, U.S. [3] . The average foot length was 38 cm, which yielded the velocity of 11.1 m/s for locomotion speed of the theropod. Another foot print with wide stride length was reported by Day et al. 5 .65 m stride length made by theropod was observed in the formation of middle Jurassic at Oxfordshire, UK [4] . The estimated speed was 8.11 m/s by the use of Alexander relation [5] [6] [7] [8] .
Since 2002, Hutchinson and his collaborators presented the first quantitative study on running ability of Tyrannosaurus together with quantitative mass and muscle analysis [9] [10] [11] [12] [13] [14] . They applied static calculation for the posture of running motion of Tyrannosaurus. In the static theory they assumed an arbitrary mid-stance posture in running motion, and calculated muscle mass to support the posture. In 2002 paper, they concluded that a fraction of 43 % of body mass is needed for the muscle mass of one leg in order to run quickly [9] . A paper published in 2004, one of the authors corrected this value as 21 % [10] . Recent mass distribution studies reported the following values for one leg relative to the whole mass; 16.0 % for MOR555 [15] , 14.2 % for MOR 555 [13] , 14.4 % for BHI3033 [15] .
A fraction of muscle mass for i-th joint to the total body mass m i (%) is calculated as the following equation [9] [10] [11] 16] ,
In the expression, the most important factor is the joint moment M i , which is explained in detail in the reference [16] . The joint moment M i contains the total body mass m body which involves gravitational acceleration term for calculating the joint moment. Then the total body mass m body in Eq. (1) is not an intrinsic parameter. However, the study is intended to apply it for Tyrannosaurus that had total mass 6071.82 kg of MOR 555 [15] . Relatively reliable factors in Eq.(1) for the final result are the following two. The first is muscle density d=1.06 × × × × 10 3 kg/m 3 , and the second is the fraction of active muscle volume c which is set as c=1. The L and r are the muscle fibre length and the moment of arm, respectively. Uncertainty of these parameters leads to uncertainty of the final result of running ability of Tyrannosaurus. This point is discussed in detail in our work [16] . For example, standard deviation of muscle fibre length L brings a possibility of fast running of Tyrannosaur, which is the opposite result based on their works. Note that θ is the pennation angle of muscle fibre to the bone, which is set as θ=0 for conservative estimation [9] [10] [11] .
The σ is a quantity expressing the muscle stress which is a quantity of force divided by cross sectional area of the muscle, which is called maximum muscle stress σ. The previous works [9] [10] [11] concluded inability of Tyrannosaurus to run quickly using Eq. (1). However, the maximum muscle stress σ is replaced by the isometrics tetanic tension P 0 . In our book we point out that using maximum muscle stress σ is adequate for this case rather than using tetanic tension P 0 [16] .
Calculation of Dynamical Motion of Running Tyrannosaurus
Running motion is a periodic one, hence, expressing time change of each joint angle by Fourier expansion series is appropriate. Validity of this method was checked in advance on human locomotion. The motion capture of human running motion was accomplished by the combination of optical measurements and the use of force plate on the ground. These data were analyzed by reliable system VICON (Vicon Motion Systems). Next, time change of each joint angle is expressed by Fourier expansion series. Convergence within 1 % accuracy is checked by taking into account of 5th order Fourier expansion. Thus, an expression of 5th order Fourier expansion is a good method to describe periodic motion of each joint. For i-th joint angle θ the expansion is expressed as follows, Hutchinson and Garcia's model [9] [10] [11] . To study time-dependent dynamics, solid object model is used to describe the motion of Tyrannosaurus limb. Namely, the model Tyrannosaurus moves as one solid object for the external force as the following equations, ) ( 
where X and Φ are the position vector of the center of mass and the rotational angle of the object, respectively. The calculation is achieved in the sagittal plane, i.e., two dimensional space x (horizontal) and y (vertical). I, g and ) (r F are the momentum of inertia of Tyrannosaurus, gravitational constant, and the position vector to the point of the force ,respectively. The term y g expresses that gravitational force acts in vertical direction y. The value of inertia I is chosen as I=19000 kg・m 2 in our work. Note that Hutchinson et al.'s value is Izz =19200 kg・m 2 for 6583 kg Tyrannosaurus, where Izz is the inertia around the axis perpendicular to the sagittal plane [13] . Bates et al.'s value is 18890.29 kg・m 2 for "HAT" (Head-Arms-Torso) of 6071.82 kg Tyrannosaurus [15] . For calculating joint torque, or moment of the force about joint, a free-body diagram analysis is applied [16] . For example, let call the foot segment as segment "1", and define the mass and the moment of inertia as m 1 and I 1 , respectively. Then, the equations of motion for translation and rotation become as follows in (x, y) plane,
where 1 F and 2 F are the force from downside segment, the force from upper segment and acceleration, respectively. For rotational motion, g x 1 and g x 2 are the vector from the center of mass of 1-th segment to the point acting force 1 F and 2 F . The M 1 and M 2 are the moment of force between 0-th and 1-th, 1-th and 2nd segment, respectively. For the case of 1-st segment, 1 F corresponds to the ground reaction force. The 1 ω is time derivative of angular velocity. In the stance phase the terms involving 1 F and 2 F are large compared to the term 1 1 ω I , because the ground reaction force 1 F is far larger than the time derivative of angular velocity 1 ω . Then, we approximate that the term 1 1 ω I is replaced by zero. This approximation is used widely in the area of human sports science. Putting known terms 1 F , 2 F and M 1 into Eq.(6) yields unknown term M 2 . Thus, the moment of force acting to upper segment is obtained, subsequently.
A solid object approximation for the motion of the whole body. For the motion of whole body, solid object approximation is introduced. In the expression the total mass M, the moment of inertia I and gravitational constant g are, 6071 kg, 9.80 m/s 2 , 19000 kg・m 2 , respectively. The external force is ground reaction force (GRF), which acts along vertical direction y as the following relation, At first, we create several typical patterns of running motion at hand using 3D software 3dsmax (Autodesk co.). The typical patterns include various motions from flexed one to upright one. Next, we apply dynamical simulation described above. At the first stage of evolutionary computation, the model Tyrannosaurus usually falls on the ground in the simulation space. Then, the parameters are improved by evolutionary computation method. The original set of parameters is slightly changed within a certain range, randomly. These sets of parameters are considered as children of the parent. Running motion having slightly changed parameters is calculated, and the best performance child is selected among children. Again, the parent of the best parameter set brings children who have slightly different values from the parent. Thus, near optimal solution on running motion is obtained as a result of evolutionary computation scheme.
Simulation Result
The main question that we concern is, "What is the maximum running speed of Tyrannosaurus?" However, it is hard to answer this question simply. The system involves many parameters when we construct mathematical model of dinosaur locomotion. Eq.(1) can be transformed as the following form,
with a set of relatively known parameters,
In Eq.(7) moment of force M i is the most important parameters that is obtained by dynamical calculation. The fibre length L and the moment arm r are unknown parameters for the segment and joint of limbs of Tyrannosaurus. The previous work estimated the fibre length L from 8 species of the reference [10] . We calculated standard deviation of L from the data [10] . The result is L=0.85±0.31, 0.40±0.12, 0.26±0.13, 0.18±0.07 for hip, knee, ankle and toe joint, respectively. The variance of moment arm r is studied in our work [16] . The uncertainty of these parameters contributes to unpredictability of running performance of Tyrannosaurus. Furthermore, for carrying out numerical simulation, segment length of limb of Tyrannosaurus has to be determined. Our employed value for it is 1.13 m, 1.26 m, 0.699 m, and 0.584 m for the thigh, shank, metatarsus, and foot, respectively. These are identical to those used in Hutchinson et al.'s works [9] [10] [11] . We also employed the same segment mass of a leg and the moment arm r with the works [9] [10] [11] . If these values change even slightly, the result may be different from those we describe in this section. Ideally, a theoretical researcher estimates all parameter dependences in his work; however, the present study does not fully investigate all parameter dependences. Thus, the results of this work should be considered an example of possible simulation studies.
We have calculated huge numbers of running simulation trials. Those are done based on the parameters that have been discussed in [16] . In our reference [16] , we have summarized 120 reports on the parameters that have been appeared in experimental biology. In our book [16] problems of biomechanical parameters were well examined. Figure 1 shows some of those trials that resulted in fast running speeds. In general, the vertical acceleration increases with running speed; however, this tendency is not uniform across many different running patterns. From Fig.1 we can read the minimum vertical acceleration at corresponding running speed. For the value of vertical acceleration, two or three times larger value than gravity (9.8 m/s 2 ) is plausible for animal running motion. From Fig.1 we can judge that running motion in a speed of 14 m/s may be possible for Tyrannosaurus. [17] . They found that running motion in a speed of 8-11 m/s is plausible for Tyrannosaurus. However, unfortunately parameters range that they used in the simulation was not described in detail. Then, it is difficult to compare our result with theirs at present.
The required muscle mass for each joint of limb during the stance phase of the running motion is shown in Fig. 3 . The m i represents the muscle mass fraction for the i-th joint to the total body mass. Black triangle, white square, black rhombus, and white circle represent mi value for the toe, ankle, knee, and hip, respectively. The vertical acceleration of the center of mass is also shown as a black circle in Fig.3 . In this case, the maximum vertical acceleration is 28.3 m/s 2 , which yields a maximum required muscle mass m total = 9.2%. Note that σ is set as 30 N/cm 2 in this calculation. It is observed that any of mi does not exceed 7%. In the prior work, it is stated that if mi surpasses 7%, the bipedal animal is less likely to run quickly [10] . Thus, the result of our numerical simulation suggests a possibility that Tyrannosaurus could run quickly. The sum of m i is also shown in Fig. 3 . In Hutchinson's work [10] , m i of the toe joint is omitted because the ankle extensors could have produced most of the required toe joint moments. It is observed that the maximum value of m total is 9.2%, on the other hand computer-aided mass distribution analysis revealed that m total is in a range of 14.2%-16.0% [13, 15] . Thus, the result of our running simulation suggests the possibility that Tyrannosaurus could run quickly. In our simulation the center of mass is located at hip joint. If it is 36cm cranial [13] , the value of m total is corrected as approximately twice larger one. A detailed discussion on the problem of the center of mass is given in our work [16] .
The maximum value of vertical acceleration in Fig. 3 [11] , however, they also state, "In light of the large number of options available to most theropods at running GRFs of 2-4 BW (Body Weight), further optimization analysis and consideration of the entire stride cycle may reveal why specific poses are chosen over so many alternatives." Our result of 29.3 m/s 2 (~3.0 BW) is within this range. In addition, the entire stride cycle was obtained by dynamical calculation with well-described parameters. Thus, this work is a possible answer to their unsolved question. [14] . The upper two horizontal bars show the data which obtained by the present numerical simulation. The captions σ=60 N/cm 2 andσ=30 N/cm 2 mean the cases that the value of the maximum muscle stress is σ=60 N/cm 2 and σ=30 N/cm 2 , respectively. The caption CM represents the position of center of mass that is measured from hip joint. Figure 4 shows a ratio of the extensor muscle mass relative to the whole body mass. The data obtained from 3D computer aided mass distribution study based on specimens CM9380, FMNH PR2081, MOR555 and BHI303 are shown at the bottom in Fig.4 . The upper two data in Fig. 4 show theoretically required values of the ratio that are obtained based numerical simulations. In Fig.3 the ratio is obtained as 9.2 %. This value is calculated for the case that the maximum muscle stress σ is set as σ=30 N/cm 2 , and the center of mass of Tyrannosaur is located at hip joint (CM=0). If the center of mass is located 36 cm cranial, the ratio of extensor muscle mass to the whole body mass becomes twice larger than the case of CM=0 [16] . The result involving these considerations is shown as the second bar from top in Fig.4 . If the value of muscle mass stress σ is chosen as 60 N/cm 2 , the ratio of theoretically required muscle mass for a leg relative to the whole body becomes smaller as shown at the top of Fig.4 .
As seen from this graph, the theoretically required and measured data are overlapped. Thus, it cannot be said that Tyrannosaurus could not run fast. If we choose the value of σ as 60 N/cm 2 as shown at the top of Fig.4 , we can safely say that Tyrannosaurus can run quickly in a speed of 14.1 m/s. This is a conclusion from our dynamical simulation and detailed discussion on the parameter of muscle ability [16] .
Maximum Power of Muscle and a Role of Passive Element Tendon
Mechanical power in various movements of animals has been studied extensively in experimental biology. In early dates, the maximum value of mechanical power of animals was considered as 110-122 W/kg [18] . However, as new research concept has widely been developed, and modern experimental devices have been introduced, observed mechanical power of muscle of animal becomes large. The reference [16] summarizes muscle-mass specific power of animal observed in the field of experimental biology. As we can see in Fig.5 , which shows brief summary of our reference [16] , high power outputs that muscle exerts have been observed. McGowan et al reported 495.0±15.0 W/kg power in the experiment of wallaby (kangaroo) jumping [19] . They suggested that back, trunk and tail musculature likely play a substantial role in contributing power during jumping. The similar high power outputs of muscle have been reported on the experiment of jumping motion of frog, taking off movement of Fowl (bird). Figure 5 . Muscle-mass-specific power observed in various animals. All the data and references are shown in our book [16] .
The data obtained by present simulation for the case of Tyrannosaurus is also shown at the right hand side. For Tyrannosaurus data horizontal measure shows time in stance phase in dynamical simulation that corresponds to Fig.3 . Bold line shows the data of simulation for the case of center of mass (CM) being located at hip joint. Dashed line represents the data of Tyrannosaurus for the case of CM=36cm cranial.
Exceptionally huge power outputs have been observed in the experiment of tongue projection of amphibian. In this case extremely high powers as 9600 [W/kg] and 18129 [W/kg] were obtained [20, 21] . For this case, some passive element is considered to work collaboratively with muscle shortening. Probably muscle shortening alone could not exert such high power output. It is noted that movement during short time makes a value of power becomes large, where P, ∆W, ∆t, F and ∆x represent power, work, time duration force and distance respectively. In the rapid motion of tang projection of frog, time duration ∆t is quite small, which makes the increase of power P.
In the area of human sports science it has been recognized that a role of tendon plays an important role in human movement. Kurosawa, Fukunaga and Fukashiro published a result how tendon collaboratively works during the movement of human jumping [22] . Then, considering only muscle is not enough for understanding movement of animals. Concerning to the present work, even for the study of Tyrannosaurus locomotion, taking into account of only muscle shortening is insufficient for evaluating running performance of Tyrannosaurus. Then, it is said that scientific tools, at this stage, is not mature to estimate running performance of Tyrannosaurus accurately.
Conclusion
In 2011, Hutchinson et al. conducted 3D scanning of four adult and one juvenile specimens of well-preserved Tyrannosaurus skeletons and analyzed their mass distributions [9] . In particular, remark-able from their report is an evaluation of the amount of extensor muscle for a leg. Because muscles are com-posed of extensor and flexor muscles, the evaluation of the extensor muscle is a monumental contribution to this field. The ratio of the extensor muscle mass relative to the whole body mass is shown at the bottom of Fig. 4 . The upper two data in Fig. 4 show theoretically required values of the ratio. Note that the most probable body mass estimation of these four specimens is in a range of 6000-9500 kg, which is heavier than the one assumed in this paper based on earlier studies. As seen from this graph, the theoretically required and measured data overlap. Thus, it cannot be said that Tyrannosaurus could not run fast.
